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Abstract
We theoretically study the spin and charge generation along with the electron transport on a
disordered surface of a doped three-dimensional topological insulator/magnetic insulator junction
by using Green’s function techniques. We find that the spin and charge current are induced by not
only local but also by nonlocal magnetization dynamics through nonmagnetic impurity scattering
on the disordered surface of the doped topological insulator. We also clarify that the spin current
as well as charge density are induced by spatially inhomogeneous magnetization dynamics, and
the spin current diffusively propagates on the disordered surface. Using these results, we discuss
both local and nonlocal spin torques before and after the spin and spin current generation on the
surface, and provide a procedure to detect the spin current.
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I. INTRODUCTION
In spintronics, the mutual control of the direction and the flow of spin is a central issue
for wide applications. The flow of spin, i.e., spin current, is the difference between the
currents of up and down-spin conduction electrons. It is known that the spin current is
induced in the setup of the ferromagnetic metal (FM)/normal metal (NM) junction1–3. Its
origin is due to the magnetization dynamics in ferromagnet, which transfers the spin angular
momentum of the magnetization into that of the conduction electrons. The transfer of the
spin angular momentum is called spin-pumping. Here, the spin-pumping of magnetization
dynamics generates the spin-current in the NM, and the spin-current can be converted into
charge current through spin-orbit interactions1–5.
Topological insulator (TI) is a new class of materials which has a gapless surface state,
dubbed as the helical surface state, in which the spin and momentum are locked by the spin-
orbit interactions6–8. On the surface of the TI, the direction of charge current and that of
the spin of conduction electrons can be mutually manipulated by an applied electromagnetic
field through the spin-momentum locking. There have been many theoretical works in
hybrid systems including superconducting junctions on the surface of TI stimulated by the
exotic surface state7,9–12. In the TI/FM junctions, the anomalous charge-spin transport12–15,
the anomalous tunnel conductance16–20, the giant magneto resistance21–23, and the current-
induced spin-transfer torque24,25 have been studied up to now. The exotic phenomena are
triggered in the presence of static magnetization and an applied electromagnetic field. The
magnetization of the ferromagnet plays the role of an effective vector potential for conduction
electrons, which is like a vector potential of electromagnetic fields. Owing to the effective
vector potential, the time-derivative of the magnetization can be regarded as an effective
electric field, and the magnetization dynamics generates charge current on the surface of the
TI/FM junction even in the absence of electromagnetic fields26–29. This is called as the spin-
charge conversion. The direction of the induced charge current is perfectly perpendicular
to the magnetization dynamics due to the spin-momentum locking. The relation between
the direction of the magnetization and the induced charge current can be a characteristic
property on the surface of the TI. The property of the spin-pumping on the surface of TI
can be applicable for spintronics devices.
Existing works of the spin-charge conversion have been done in the case of a clean sur-
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face of the TI, namely the ballistic transport regime. However, the actual charge trans-
port on the surface of the TI is in the diffusive regime due to the nonmagnetic impurity
scattering21–25,30–32. Since Burkov et al., have predicted not only the local but also the non-
local current on the disordered surface of the TI in the presence of the applied electric field21;
we can naturally expect nonlocal current is driven by the magnetization dynamics even on
the disordered surface of the TI in the presence of the magnetization dynamics.
In this article, we study the charge-spin transport due to the magnetization dynamics on
the disordered surface of the three-dimensional doped TI/magnetic insulator (MI) junction,
as shown in Fig. 1, where we show that charge current and spin polarization on the surface
of the TI are induced not only by a local, but also by a nonlocal magnetization dynamics.
Besides this, we clarify that the spin current is driven by the dynamics of the spatially
inhomogenous magnetization, and the spin current diffusively propagates on the surface.
The magnitude of the spin current reflects the spatially inhomogenous spin structure of the
MI. The directions of the spin flow and the spin projection of the spin current are perfectly
linked by the spin-momentum locking on the surface of TIs. The present features may serve
as a guide to fabricate future spintronics devices based on the surface of TIs with magnetic
substance.
The merit of the choice of MI on the surface of the TI instead of metallic ferromagnet is
to prevent the induced charge current going through the bulk of the MI. Then, we can focus
on the charge transport on the surface of TI. Besides, the Gilbert damping constant in MIs
tends to be smaller than that in ferromagnetic metals. The small value of the damping in
MIs can be useful for the detection of the spin current on the disordered surface of the TI,
as discussed in sec. VC
II. MODEL
We consider conduction electrons coupled to an effective localized spin on the disordered
surface of the three-dimensional doped TI attached with the MI, as shown in Fig. 1. The
setup in Fig. 1 is similar to a system, where conduction electrons couple with the magnetic
moments of ferromagnetic metals deposited on the surface of the TI12,16,17. We expect
that on the surface of the TI, the effective localized spin (S) can be produced from the
magnetization in the MI through magnetic proximity effects. In the following, we use the
3
Hamiltonian, describing the surface of the TI with MI, given by
H = HTI +Hsd + Vimp, (1)
where the first term in Eq. (1), HTI is Hamiltonian of the conduction electrons on one of
the surface of the doped TI without S as
HTI =
∫
dxψ†[−i~vF(σˆ ×∇)z − ǫF]ψ, (2)
Here, ψ† ≡ ψ†(x, t) = (ψ†↑ ψ†↓), and ψ are the creation and annihilation operators of the
conduction electron, respectively (where indices ↑ and ↓ represent spin), ǫF is the Fermi
energy, and vF is the Fermi velocity of the bare electron on the surface of the doped TI. The
σˆ is the Pauli matrices in spin space. The second term of Eq. (1), Hsd, shows the exchange
interaction between the conduction electron spin s = 1
2
ψ†σψ and the localized spin S on
the disordered surface of the doped TI, as described by
Hsd = −
∫
dxJsdψ
†S · σˆψ, (3)
where Jsd > 0 is the exchange coupling constant. The localized spin S can be described
by the magnetization of the MI as S = −(S/M)M , where S and M are the magnitude of
the localized spin and of the magnetization, respectively. We consider that in general, the
localized spin S ≡ S(x, t) depends on the time and position on the surface of the TI. The
S(x, t) changes slowly compared with the electron transport relaxation time (τ) and varies
in space compared with the electron mean-free path (ℓ). We expect that from the Eqs.
(2)-(3), the in-plane component of the localized spin, S‖ ≡ S − Szz, can play the role of
the effective vector potential for the conduction electrons on the surface. The out-of plane
component of the localized spin Sz plays a role to open the energy gap of the dispersion on
the surface of the doped TI. We assume that the band gap opened by Sz is smaller than the
Fermi energy on the surface of the doped TI, i.e., ǫF−JsdSz > 0. The third term of Eq. (1),
Vimp =
Ni∑
j=1
∫
dxUiψ
†ψ, (4)
represents nonmagnetic impurity scattering on the disordered surface of the doped TI. The
impurity scattering causes the relaxation time τ of the transport of conduction electrons on
the surface of the TI. Here Ui = uiδ(x−rj) is a delta-function type potential, ui is a potential
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FIG. 1: (Color Online) A setup of spin-charge current generation due to magnetization dynamics
in MIs deposited on disordered surface of a doped TI.
energy density, rj is the position of impurities, and Ni shows the number of impurities. The
contribution of Vi can be treated by the impurity average.
We will calculate the spin current and charge current due to the spin-pumping in the
linear response to S under the condition Jsd ≪ ~/τ . We expect that the condition could
be realized on a metallic disordered surface of the TI, which satisfies ~/(ǫFτ) ≪ 1. For
example, the exchange coupling Jsd can be estimated by Jsd ≃ 6meV28 for Ni81Fe19/Bi2Te3
junction. If ~
ǫFτ
< 10−2 is satisfied, the perturbation can be accessible.
A. Renormalization of the Fermi velocity
Green’s function on disordered surface of doped TI can be described by using HTI in-
cluding Vimp within the self-consistent Born approximation of Vimp as
gˆk,ω = [~ω − {~vF(σˆ × k)z − ǫF} − Σˆk,ω]−1, (5)
where Σˆk,ω is the self-energy within the Born approximation given by
Σˆk,ω = ni
∑
k′
|uk−k′|2gˆk′,ω. (6)
Here, Σˆk,ω satisfies the Ward-Takahashi identity
33. To estimate the value of Σˆk,ω, we consider
the k′-dependence of uk−k′, which plays the role to prevent the ultraviolet-divergence over
a large momentum in the k′-integration25,34. When Σˆk,ω can be described by 2 × 2 matrix
Σˆk,ω = Σ0 + Σˆ
‖ + Σzσˆz, Σˆ is estimated, where Σ0 and Σ
z are independent of k, while
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Σ‖ ≡ Σxσˆx + Σyσˆy depends on k. Then, the Green’s function gˆk,ω is described by Σ within
the Born approximation as25,34
gˆrk,ω =
[
~ω − {~v˜F(σˆ × k)z − ǫF}+ i~
2τ
]−1
, (7)
where gˆrk,ω represents the retarded Green’s function. From Eq. (7), the Fermi velocity is
renormalized by Σ‖, and the renormalized Fermi velocity is represented by v˜F = vF/(1 + ξ),
where ξ = niu
2
0/(4π~
2v2F) is a small value depending on the relaxation time
35. The last term
in Eq. (7) is caused by the retarded component of Im[Σ0].
Equation (7) indicates the Green’s function on the disordered surface of the doped TI
estimated within the Born approximation of Vimp. Therefore, we could expect that ~v˜F(σˆ×
k)z − ǫF in the Eq. (7) corresponds to the dispersion on the disordered surface of the TI.
The dispersion is different from that of HTI without Vimp. In the following work, we will use
an effective Hamiltonian H˜TI obtained by replacing vF with v˜F in Eq. (2). This replacement
is needed for satisfying the charge conservation law on the disordered surface of the doped
TI36.
III. SPIN CURRENT DUE TO MAGNETIZATION DYNAMICS
In this section, we show spin current driven by magnetization dynamics on the disordered
surface of the doped TI/MI junction. Here, the spin current and charge density are mutually
related each other, because of the spin-momentum locking on the surface of the TI.
A. Definition of spin current on the surface of topological insulators
In order to derive the spin current on the disordered surface of the doped TI, we demon-
strate the definition of the spin current. The spin current jαi is defined from
∂ts
α +∇ijαi = T α, (8)
where sα = 1
2
〈ψ†σˆαψ〉 is the spin density, jαi shows the spin current density, and T α is the
spin relaxation torque on the surface. Here the subscript and superscript of jαi represent the
direction of flow and spin of the spin current, respectively. From Eqs. (1)-(5), jαi and T α
are given by
jαi =
v˜F
2
ǫzαi〈ψ†ψ〉 = v˜F
2e
ǫzαiρe. (9)
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with the Levi-Civita symbol ǫzαi. In the above equation, we used the commutation relation:
[ψ†,H] = −i~v˜Fǫzαℓ(∇ℓψ†)σα + Jsdψ†Sασα,
[ψ,H] = −i~v˜Fǫzαℓσα(∇ℓψ)− JsdSασαψ.
From Eq. (9), the spin current is proportional to the charge density ρe = e〈ψ†ψ〉, where
e < 0 is the charge of electrons. Moreover, the directions of the spin and flow of the spin
current are perpendicular to each other because of the spin-momentum locking. The spin
relaxation torque is derived from Eqs. (8)-(9). The torque can be separated as
T α =T αTI + T αsd, (10)
where T αTI and T αsd are spin relaxation torque caused by HTI and Hsd, respectively. Here, T αTI
and T αsd are given by
T αTI =
iv˜F
2
ǫβzℓǫβαν〈(∇ℓψ†)σˆνψ − ψ†σˆν∇ℓψ〉, (11)
T αsd =
2Jsd
~
ǫνβαs
νSβ. (12)
We note that the definition of spin current depends on that of the spin relaxation torque37–39.
For example, we consider the case when the spin relaxation torque can be described by
τα = T α +∇iPαi , where the polarization Pαi is an arbitrary vector with ∇iPαi = 0, whose
index i and α represent the direction of the polarization in the real space and that of the
spin in the spin space, respectively. Then, the spin current Jαi can be also represented by
J αi = jαi + Pαi and J αi satisfies the conservation law as ∂tsα +∇iJ αi = τα. We discuss the
spin current defined in Eq. (9). To consider the spin current and the spin relaxation torque,
we calculate the charge density and spin density in the following subsections.
B. Charge density
First, we will calculate the charge density ρe in the linear response to S. ρe is de-
scribed by using the lesser component of the Keldysh-Green’s function, −i~G<(x, t,x, t) =
〈ψ†(x, t)ψ(x, t)〉 in the same position and time as
ρe = −i~e tr
[
Gˆ<(x, t,x, t)
]
. (13)
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Hence, ρe is given by
ρe =
i~eJsd
L2
∑
q,Ω
ei(Ωt−q·x)tr[Πˆ0ν(q,Ω)S
ν
q,Ω], (14)
where L2 is the area of the disordered surface of the TI, and q = (qx, qy) and Ω indicate
the momentum and frequency of the localized spin Sνq,Ω (ν = x, y, z), respectively. Here, the
charge-spin correlation function Πˆ0ν is given by
Πˆ0ν(q,Ω) =
∑
k,ω
[gˆk− q
2
,ω−Ω
2
Λˆν(q,Ω)gˆk+ q
2
,ω+Ω
2
]<, (15)
where gˆk± q
2
,ω±Ω
2
is the non-perturbative Green’s function of HTI including Vi, which is taken
into account within the Born approximation. The retarded (advanced) Green’s function gˆrk,ω
(gˆak,ω = [gˆ
r
k,ω]
†) is given by
gˆrk,ω = [~ω + ǫF − ~v˜Fσˆ · (k × z) + i~/(2τ)]−1 ,
where ~/(2τ) = πniu
2
i νe/2 represents the self-energy due to Vi within the Born approxima-
tion. The vector Λˆν in Eq. (15) is the vertex function, which is described by
Λˆγ(q,Ω) = σˆγ +
∑
ζ=0,x,y,z
[Γ˜(q,Ω) + [Γ˜(q,Ω)]2 + · · · ]γζ σˆζ . (16)
Here σˆ0 = 1ˆ2×2 is the identity matrix and Γ˜γζ is given by Γˆγ :
Γˆγ(q,Ω) ≡ niu2i
∑
k
gˆk− q
2
,ω−Ω
2
σˆγ gˆk+ q
2
,ω+Ω
2
= Γ˜γζ σˆζ . (17)
The correlation function Πˆ0ν can be decomposed into the retarded and advanced Green’s
function by using the formula gˆ<k,ω = fω(gˆ
a
k,ω − gˆrk,ω)40, where fω is the Fermi distribution
function. Using the formula, we can estimate the correlation function Πˆ0ν on the surface of
the doped TI, i.e., ~/(ǫFτ)≪ 1 regime as Πˆ0γ = Πˆra0γ + o(~/(ǫFτ)), where Πˆra0γ is represented
by
Πˆra0γ =
∑
k,ω
(fω+Ω
2
− fω−Ω
2
)gˆr
k− q
2
,ω−Ω
2
Λˆraγ gˆ
a
k+ q
2
,ω+Ω
2
. (18)
Here Λˆraγ is given by the Pauli matrix as
Λˆraγ =
∑
ζ=0,x,y,z
[
1ˆ + Γ˜ra + (Γ˜ra)2 + · · · ]
γζ
σˆζ ≡
∑
ζ
Λ˜raγζσˆζ , (19)
Γˆraγ = niu
2
i
∑
k
gˆr
k− q
2
,ω−Ω
2
σˆγ gˆ
a
k+ q
2
,ω+Ω
2
. (20)
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Using Eqs. (19)-(20) under the condition Ωτ ≪ 1, we can calculate Πˆra0γ in the low-
temperature limit. Besides this, we can calculate the response function Πˆra0γ by postuating
Ωτ ≪ 1, qℓ≪ 1, and q2x = q2y = q2/2. Πˆra0γ is given by
Πˆra0γ =
−Ω
2π
∑
ζ=0,x,y,z
Γˆraζ Λ˜
ra
γζ, (21)
where Γˆraζ ≡
∑
ν=0,x,y,z Γ˜
ra
ζνσν can be expressed by 4× 4 matrix Γ˜ra as
Γ˜ra =


1− iΩτ − 1
2
ℓ2q2 i
2
ℓqy − i2ℓqx 0
i
2
ℓqy
1
2
(1− iΩτ − 1
2
ℓ2q2) 1
4
ℓ2qxqy − i4qxℓ ~ǫFτ
− i
2
ℓqx
1
4
ℓ2qxqy
1
2
(1− iΩτ − 1
2
ℓ2q2) − i
4
qyℓ
~
ǫFτ
0 i
4
qxℓ
~
ǫFτ
i
4
qyℓ
~
ǫFτ
o( ~
ǫFτ
)2


. (22)
In the above equation, we have used niu
2
i πνe/(~/2τ) = 1/2. Here, νe = ǫF/(2π~
2v˜2F) is
the density of states at the Fermi energy on the surface of the doped TI. From the above
equation, the magnitudes of Γ˜ζz and Γ˜zζ are negligibly smaller than that of Γ˜νµ(ν, µ = 0, x, y)
for ~/(ǫFτ)≪ 1. As a result, Γˆµ =
∑
ν=0,x,y[Γ˜]µν σˆν + o(~/(ǫFτ)) is obtained by
Γˆra0 =
(
1− iΩτ − 1
2
ℓ2q2
)
σˆ0 +
i
2
ℓσˆaqbǫabz , (23)
Γˆraµ=x,y =
[
1
2
(
1− iΩτ − 3
4
ℓ2q2
)
δµν +
1
4
ℓ2qµqν
]
σˆν +
i
2
ℓqaǫµazσˆ0. (24)
Then, Λ˜raζγ can also be estimated by using Γ˜
ra as41
Λ˜raγζ = [(1− Γ˜ra)−1]γζ . (25)
Therefore, from Eqs. (13) and (21)-(24), the charge density ρe is obtained by
ρe =
eνeJsdτ
L2
∑
q,Ω
ei(Ωt−q·x)
ℓΩ
q2ℓ2 + iΩτ
(qyS
x
q,Ω − qxSyq,Ω)
= −eνeJsdτℓ[∇× ∂t〈S‖〉D]z, (26)
From Eq. (26), we find that the charge density ρe is induced by ∂t[∇ × 〈S‖〉D]z. Here
〈S‖〉D is defined by the convolution of the in-plane of the localized spin S‖ and a diffusion
propagator function D on the disordered surface of the TI as
〈S‖〉D(x, t) ≡ 1
τ
∫
dt′
∫
dx′D(x− x′, t− t′)S‖(x′, t′), (27)
D(x, t) = 1
L2
∑
q,Ω
ei(Ωt−q·x)
1
2Dq2 + iΩ
, (28)
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where, D ≡ v˜2Fτ/2 is a diffusion constant and 〈S‖〉D denotes the nonlocal spin, which
diffusively propagates by the diffusion propagator D. The D results because of nonmagnetic
impurity scattering on the disordered surface of the doped TI. We also find that the charge
density due to the out-of plane of the localized spin, Sz, is negligible smaller than that due
to S‖.
The diffusion propagator D satisfies the differential equation
(∂t − 2D∇2)D(x− x′, t− t′) = δ(x− x′)δ(t− t′). (29)
We find that from Eqs. (26) and (27), the diffusive motion of the charge density obeys the
diffusion equation:
(∂t − 2D∇2)ρe = −eνeJsdℓ(∇× ∂tS‖)z. (30)
The above equation means that the diffusion propagator of the charge density is caused
by the spatial and time derivative of the localized spin, (∇ × ∂tS‖)z, on the surface of the
doped TI. When the localized spin is spatially uniform, ρe is not driven by the magnetization
dynamics.
C. Spin current
We will now consider the spin current due to the magnetization dynamics on the disor-
dered surface of the doped TI. The spin current is proportional to the charge density [see
Eq. (9)]. From the result of the charge density due to magnetization dynamics [see Eq.
(26)], the spin current is given by
jαi =−
1
2
ǫzαiνeJsdℓ
2[∇× ∂t〈S‖〉D]z. (31)
This is one of the main results of this paper. From Eq. (31), the direction of spin of the
spin current is perfectly locked and is perpendicular to the direction of the flow of the spin
current. The origin lies on the spin-momentum locking on the surface of the TI. The spin
current is proportional to the coefficients, which are the density of states at Fermi energy
νe, the s-d exchange coupling Jsd, and the square of the mean-free path ℓ
2. Here jαi is
proportional to the spatial and time derivative of the nonlocal spin as [∇× ∂t〈S‖〉D]z. We
find that the local spin does not contribute to the spin current generation. In the case
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when the spin structure of the MI is spatially uniform, the spin current vanishes. Since the
spin current is proportional to the charge density, we expect that the spin current can be
arising from the accumulation of the diffusive charge density, which is given by Eq. (30).
Additionally, Eq. (31) indicates that the spin current is an even-function of v˜F, the sign of
which depends on the helicity of electron on the surface of the TI. Therefore, the direction
of the spin and flow of the spin current on top surface (jαi,top) and that on bottom surface of
the TI (jαi,bottom) are equal as j
α
i,top = j
α
i,bottom. We find that the in-plane component of the
localized spin S‖ ≡ S−Szz contributes to the spin current, but the out-of plane component
of the localized spin Szz does not. We expect that its origin lies on the spin-orbit coupling
of HTI. From (σˆ × p)z = σˆ · (p × z) and S‖ = (z × S‖) × z, the Hamiltonian HTI +Hsd
can be described by
HTI +Hsd =
∫
dxψ†
{
v˜Fσˆ ·
[(
p− Jsd
v˜F
(z × S‖)
)
× z
]
− JsdSzσˆz − ǫF
}
ψ (32)
From the above equation, we can regard that the conduction electrons momentum p is
shifted by the in-plane localized spin S‖: p→ p− Jsd
v˜F
(z × S‖). The in-plane localized spin
z×S‖ plays a role like an electromagnetic vector potential A = Jsd
ev˜F
(z×S‖)13,14. Then, the
observable quantity should be proportional to the gauge invariant form: an effective electric
field E ≡ −∂tA or an effective magnetic field B =∇×A, as represented by
E = − Jsd
ev˜F
(z × ∂tS‖), (33)
B =
Jsd
ev˜F
∇× (z × S‖). (34)
The dynamics of the in-plane component of the localized spin can be regarded as the effective
electromagnetic field, which acts as a driving force to trigger the motion of conduction
electrons. While, the out-of plane one Szz plays a role like magnetic fields for the conduction
electrons and does not directly shift p in the momentum space. We expect from the difference
of these properties of the localized spin, the contribution from Szz could be smaller than
that from S‖.
The spin current can be represented by using the effective electric field E and {∇ ×
[〈E〉D × z]}z = −∇ · 〈E〉D as
jαi = −
1
2
ǫzαiνeev˜Fℓ
2
∇ · 〈E〉D. (35)
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From the above equation, we find that the spin current is proportional to∇ · 〈E〉D stemming
from charge density. In fact, the charge density can be represented by ρe ∝ ∇ · 〈E〉D, as
shown in Eq. (26). Here, the charge density is also proportional to∇ · 〈E〉D and is similar to
the Gauss’s law in Maxwell equations as ρe = ǫ∇ ·E, where ǫ is a permittivity and E is an
applied electric field. Thus, we can interpret that the charge density and the spin current on
the surface of the TI are generated by the divergence of the effective electric field. Equations
(26), (31), and (35) are the main results of this section.
IV. CHARGE CURRENT DUE TO MAGNETIZATION DYNAMICS
In this section, we show charge current due to magnetization dynamics on the disordered
surface of the doped TI. Because of the spin-momentum locking, the charge current is
proportional to the density of the spin polarization on the surface of the doped TI. We
calculate the spin density, the charge current and the resulting spin-relaxation torque.
A. Spin density
To discuss the charge current, we calculate the spin density due to the magnetization
dynamics in the linear response to the localized spin. The spin density s = 1
2
〈ψ†σˆψ〉 is
given by
sµ =
i~Jsd
2L2
∑
q,Ω
ei(Ωt−q·x)tr[Πˆµν(q,Ω)S
ν
q,Ω], (36)
where, Πµν(µ, ν = x, y, z) is the spin-spin correlation function. Πµν can be calculated within
the same formalism as in the section 3.2, and is represented by Πˆµν = σˆµΠˆ0ν . From the result,
we can obtain the spin density s. Here, s can be decomposed into two terms: s = s‖+ szz,
where s‖ = s − szz and szz show the in-plane and out-of plane component of the spin
on the disordered surface of the doped TI, respectively. We find that szz is proportional
to ∂tS
z, and its magnitude is negligibly smaller than that of the magnitude of s‖ within
the approximation |sz|/|s‖| ∼ o[~/(ǫFτ) ≪ 1]. Thus, the spin density can be estimated
by s = s‖ + o[~/(ǫFτ)] and S
z does not contribute to the generation of s. The dominant
contribution of s can also be decomposed into two terms:
s = sL + sD, (37)
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where sL is the local spin density due to S‖, and is given by
sL = −1
2
νeJsdτ∂tS
‖. (38)
The local spin density sL is induced by the time-derivative of the in-plane component of the
localized spin ∂tS
‖. On the other hand, the second term of Eq. (37), sD, is the diffusive
spin density and is given by
sD = −1
2
νeJsdτℓ
2 (z ×∇) [∇× ∂t〈S‖〉D]z (39)
=
ℓ
2e
(z ×∇) ρe. (40)
From Eq. (40), sD is generated by the driving field (z ×∇)(∇ × ∂t〈S〉D)z, which is the
spatial gradient and the time-derivative of the nonlocal localized spin 〈S‖〉D. The driving
field is also described by (z ×∇)(∇ × ∂t〈S〉D)z = ∂t[∇2〈S〉D −∇(∇ · 〈S〉D)]. Here, sD
is described by the spatial gradient of the charge density, which is caused by the electron
diffusion on the surface of the TI, as shown in Eq. (26). In addition, sD is also represented
by the spin current: The charge density is proportional to the spin current, ρe =
e
v˜F
(jxy −jyx),
and sD becomes
sD =
1
2
τǫzαi(z ×∇)jαi . (41)
From Eqs. (38)-(39), we find that s is an even-function of v˜F and is independent of the
helicity on the surface of the TI. Therefore, the direction of s does not depend on whether
we are focusing on the top or bottom surface of the TI.
We find that from Eqs. (38)-(39), the spin is polarized not by a static magnetization
but by magnetization dynamics. Therefore, we expect that static magnetization does not
induce spin polarization on the surface of the TI. This seems to be anomalous property on
the surface. The response between the spin polarization and the static magnetization on
the surface of the TI is different from that in conventional metals: In the metals, a spin is
polarized even by static magnetization. We will consider shortly why static magnetization
does not generate spin polarization on the surface of the TI. The magnetization on the
surface of the TI plays the role to shift the momentum of conduction electrons from p into
p− Jsd
v˜F
(z × S‖) in momentum space. As a result, the center of Fermi sphere is also shifted
from p = 0 into p = Jsd
v˜F
(z × S‖). Then, the direction of the spin at each momentum
are perfectly perpendicular to that of the momentum. Besides, the spin configuration in
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momentum space does not change before and after the shift, because the direction of the
spin at each momentum are independent of the shift. Therefore, no spin polarization is
driven by momentum shift due to a static magnetization.
B. Charge current
We note that on the surface of the TI, the charge current j is proportional to the spin
density on the surface of the TI. The charge current is represented by using the renormarized
velocity operator as j = 2ev˜F(z × s)36. From Eqs. (38)-(40), the charge current is also
decomposed into two terms: j = jL + jD as
jL = −eνeJsdℓ(z × ∂tS‖), (42)
jD = eνeJsdℓ
3
∇[∇× ∂t〈S‖〉D]z. (43)
The jL is the local charge current and is induced by the time-derivative of the localized spin
S‖. The direction of jL is parallel to z × S‖. On the other hand, jD is the diffusive charge
current caused by impurity scattering on the disordered surface of the TI. In fact, jD can be
represented by the spatial gradient of the charge density as jD = −2D∇ρe. This means that
diffusive current is generated by the spatial gradient of the charge density on the surface of
the TI. We note that the charge current is an odd-function of v˜F, so that the direction of
the charge current on the top surface jtop is opposite to that on the bottom surface jbottom,
if S is same on the top and bottom surface. It is noted that, from Eqs. (26) and (42)-(43),
the charge density ρe and charge current j satisfy the conservation law ρ˙e+∇ · jγ = 0. The
detail is shown in Appendix B.
Next, we comment on the relationship between the spin current and the charge current
on the disordered surface of the doped TI. Substituting ǫzαij
α
i = v˜Fρe/e into Eq. (43), we
find that the diffusive charge current can be described by the spin current as
jD = −eℓǫzαi∇jαi . (44)
This is also the main result of this paper. We expect that the above equation displays
the conversion between the spin current into the diffusive charge current on the disordered
surface of the doped TI by using the spatial gradient of the spin current. The spin current
can be converted into the diffusive charge current when the spin current depends on the
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space on the disordered surface. The relation in Eq. (44) is plausible on the disordered
surface of the doped TI, because the charge density ρe is proportional to the spin current,
and a diffusive particle current generally proportional to a spatial gradient of particles. We
note that there is no relation between the spin current and the local charge current jL.
C. Effective conductivity
The charge current due to magnetization dynamics j can be also described by the effective
electric field E :
j = e2v˜2FνeτE + e
2v˜Fνeℓ
3
∇[∇ · 〈E〉D]. (45)
The first term and the second term are corresponding to the local and diffusive charge cur-
rent, respectively. From the above results, we will consider an effective conductivity: an
efficiency of the charge flow due to the applied effective electric field E . This is similar
to the conventional electric conductivity: In general, the longitudinal electrical conductiv-
ity is defined from dividing the charge current by an applied electric field42. We expect
that the current corresponds to the local current. Then, an effective longitudinal electrical
conductivity can be defined by jL = σE, and is given by the first term in Eq. (45) as
σ = e2v˜2Fνeτ. (46)
The conductivity only depends on the parameters on the surface of the TI, and is independent
of parameters attached to the MI.
D. Spin relaxation torque
We will consider the spin relaxation due to the magnetization dynamics on the surface
of the TI. Using Eqs. (31) and (37)-(39), we can describe ∂ts
α and ∇ijαi as
∂ts
α = −1
2
νeJsdτ∂
2
t S
‖,α +
1
2
νeJsdℓ
2τǫαiz∇i[∇× ∂2t 〈S‖〉D]z, (47)
∇ijαi = −
1
2
νeJsdℓ
2ǫαiz∇i[∇× ∂t〈S‖〉D]z. (48)
Therefore, the spin relaxation torque T α = ∂tsα + ∇ijαi in the linear response to S‖ is
obtained by
T =− 1
2
νeJsdτ∂
2
tS
‖ +
1
2
νeJsdℓ
2(1− τ∂t)(z ×∇)[∇× ∂t〈S‖〉D]z +O(J2sd). (49)
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The first term in Eq. (47) shows a local spin relaxation torque and is induced by ∂2tS
‖. The
second term is a nonlocal spin relaxation torque and is driven by (z ×∇)(∇ × ∂t〈S‖〉D)z.
The nonlocal torque vanishes when the magnetization is spatially uniform. The third term
in Eq. (47) represents the higher order of Jsd and S. From Eq. (12), the spin relaxation
torque T sd is proportional to S and s, which is proportional to S
‖. Therefore, the third
term in Eq. (47) corresponds to T sd within the linear response to S. We expect that the
third term T sd ≃ o(Jsdτ~ )2 can be negligibly small and be ignored in comparison with the
first and the second terms of T in the regime Jsdτ
~
≪ 1.
The spin relaxation torque T is also represented by the effective electric field as
T =
1
2
eνev˜Fτ(∂tE × z) + 1
2
eνev˜Fℓ
2(1− τ∂t)(z ×∇)[∇ · 〈E〉D]. (50)
The local spin relaxation is written as the time-derivative of the effective electric field and
the diffusive one is induced by the spatial gradient of the nonlocal effective electric field. The
electric field dependence of the spin relaxation torque on the surface of the TI is different
from that in NM with spin-orbit interactions: The spin relaxation torque in the NM, TNM,
is proportional to the spatial gradient of the applied electric field39. We expect that the
difference can be caused by the k-dependence of the energy dispersion: The energy dispersion
on the surface of the TI is a linear function of k, while that in the NM proportional to the
square of k. Equations (39), (44), and (46) are the main results of this section.
V. DISCUSSION
A. Spin torque
We will phenomenologically study the change of the magnetization dynamics in before
and after the spin-charge generation due to the ferromagnetic resonance (FMR). Now, we
consider a disordered surface of the MI/TI junction, as shown in Fig.1. Further, in the
junction, a static magnetic field and ac magnetic field are additionally applied. Here ac
magnetic field is given by a microwave irradiation, and is needed for FMR in the MI. When
we apply this magnetic field, the magnetization dynamics is triggered in the MI, and the
magnetization dynamics induces the spin polarization on the surface of the TI [see Eqs.
(37)-(39)]. Then, the induced spin polarization s plays the role of an exchange field acting
on the magnetization in the MI. As a result, the magnetization dynamics is affected from
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the generated spin s. Here, the mutual interaction between the magnetization dynamics
and the induced spin are called as the feedback effect25.
The magnetization dynamics on the disordered surface of the doped TI is described from
the Landau–Lifshitz–Gilbert (LLG) equation as43
∂tM = −γµ(M ×H) + α
M
M × ∂tM + T e, (51)
where, M = −M
S
S is the magnetization of the MI, γ is the gyromagnetic ratio, µ is a
permeability, α is a Gilbert damping constant, H =H0 +Hac is an applied magnetic field
on the disordered surface of the doped TI. H0 and Hac denote a static and ac magnetic
field, respectively. The spin torque on the disordered surface of the doped TI is given by
T e =
2Jsda
2
~
M × s. The torque can be decomposed into two terms: T e = T Le + T De ,
where T Le =
2Jsda
2
~
M × sL and T De = 2Jsda
2
~
M × sD are the local and diffusive spin torque,
respectively. Here, a is a lattice constant on the surface of the TI. These spin torques are
obtained from Eqs. (37)-(39) and S‖ = − S‖
M‖
M ‖ as
T
L
e =
κ
M‖
M × ∂tM ‖, (52)
T
D
e =
κ
M‖
ℓ2M × (z ×∇) (∇× ∂t〈M‖〉D)z, (53)
where, M‖ is the magnitude of the in-plane magnetization M ‖ ≡ M − Mzz, and κ =
νea
2J2sdτS
‖/~ is dimensionless coefficient proportional to J2sd and τ . We find that T
L
e ∝
M × ∂tM ‖ is slightly different from the damping torque αMM × ∂tM ; which is a damping
of the magnetization. We could expect that the contribution from the local spin torque T Le
can be observed in the experiments on the surface of FM/TI junction27,28. Here, T Le plays
the role of an anisotropic damping torque unless the static magnetic field and microwave
are parallel to the z direction. The anisotropic damping affects the magnetic permeability:
For example, when the static magnetic field and microwave are parallel to the y-direction,
then, the longitudinal magnetic permeability χxx and χzz are not equal each other. Here,
T
D
e seems to be a new type of spin torque T
D
e on the surface of the TI. T
D
e in Eq. (53) is
induced by the spatial gradient of the magnetization,M × (z ×∇) (∇×∂t〈M‖〉D)z. When
the magnetization is spatially uniform, T De is zero and T
L
e is nonzero.
Since, jαi and T
D
e are proportional to the charge density on the disordered surface of the
doped TI, T De can be described by the spin current j
α
i :
T
D
e =
Jsdτa
2
~
M × [(z ×∇)ǫzαijαi ]. (54)
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The spatial gradient of the spin current induces the diffusive spin torque on the disordered
surface of the doped TI. We expect that the contribution of jαi is detected from the change
of the half-width value, as well as the change of a shift of the magnetic resonance frequency
through T De [discussed in Sec.VC]. Equations (52)-(54) are the main results of this section.
B. Magnetic permeability without diffusion
Using Eqs. (51)-(53), we discuss the magnetic permeability in FMR when the magneti-
zation is spatially uniform on the surface of the MI/TI junction. We consider that in the
junction, the applied static magnetic field H0 and the microwave of the ac magnetic field
Hac are applied along the y direction: H0 = (0, H, 0) and Hac = (hx, 0, hz). For an uniform
magnetization case, the spin becomes sL 6= 0 and sD = 0, and the spin torque are T Le 6= 0,
but T De = 0.
Then, the LLG equation on the surface of the MI/TI junction can be described by
∂tM =γµ(H ×M) + α
M
(M × ∂tM) + κ
M‖
(M × ∂tM ‖). (55)
To estimate the magnetic permeability on the surface of the TI, we assume that the |H0| is
larger than the |Hac|, i.e., | hx |≪ H and | hz |≪ H . Then, from the applied magnetic field,
we expect that the local magnetization on the surface M = (mx,My, mz) can be satisfied
mx ≪ My and mz ≪ My. Moreover we assume that the time-dependence of the precession
of M is given by mx ∝ mz ∝ eiΩt and ∂tMy ∼ 0. In order to solve the LLG equation, we
take a linear approximation of mi: mimj ∼ 0, My ∼ M(= |M |), and M‖ ∼ M . Then, the
LLG equation becomes
∂tmx = γµ(Hmz − hzM) + α∂tmz,
∂tmz = γµ(hxM −Hmx)− (α+ κ)∂tmx,
(56)
and the magnetic permeability is given by
(
mx
mz
)
=
(
χxx χxz
χzx χzz
)(
hx
hz
)
. (57)
The frequency dependence of the longitudinal magnetic permeability χxx and χzz are de-
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scribed by
χxx =
ωM(ωH + iαΩ)
(ωH + iαΩ)[ωH + i(α + κ)Ω]− Ω2 , (58)
χzz =
ωH + i(α + κ)Ω
ωH + iαΩ
χxx, (59)
where. ωH = γµH and ωM = γµM are the angular frequency of the applied static magnetic
field and that of the magnetization, respectively. The permeability χxx and χzz are different
each other originating from the anisotropic spin-transfer torque T Le . Transverse magnetic
permeability has the relation χxz = −χzx and is given by
χxz =
−iΩ
ωH + iαΩ
χxx. (60)
The real part of the permeability Re[χxx] shows a Lorentzian profile due to the magnetic
resonance around the resonant frequency Ωr, which is proportional to H . The Im[χxx]
indicates the energy absorption of the applied microwave around Ωr. Half-width value of
Im[χxx] expresses the damping of the precessional motion of the magnetization. From Eq.
(58), the half-width value ∆Ω is caused by the Gilbert damping (αM × ∂tM) and the local
spin torque T Le given by
∆Ω ≃ (2α + κ)Ωr. (61)
We expect that in the MI without TI, the half-width value of the magnetic permeability
estimates ∆Ω = 2αΩr. Eq. (61) indicates that on the surface of the doped TI, ∆Ω is
enhanced from 2αΩr into (2α + κ)Ωr. The origin lies on T
L
e , which is triggered by the
induced spin, where the spin is induced by the magnetization dynamics on the surface of
the doped TI. This enhancement of ∆Ω has been verified in the recent experiment28.
We compare ∆Ω in MI/TI junction with ∆Ω in FM/NM junction. In the FM/NM
junction, it has been demonstrated that the enhancement of ∆Ω is triggered by the spin
current in the NM, which is generated by the magnetization dynamics of the FM44. On the
surface of the MI/TI junction with uniform spin structure, on the other hand, spin current
is not generated by magnetization dynamics, and the spin current does not contribute to
∆Ω. The enhancement of ∆Ω is caused by the spin polarization due to the magnetization
dynamics on the surface.
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C. Magnetic permeability with diffusion
We will consider the surface of the TI/MI junction, where the localized spin in the MI is
spatially inhomogeneous. The spin structure of the localized spin we consider is a spin-wave
or longitudinal conical spin structure, which are realized in ferrimagnetic insulator yttrium
iron garnets (YIG) or multiferroics45, respectively. We expect that even on the surface of
the TI, the localized spin depends on the position through proximity effects from the MI.
Then, if we apply ac magnetic field of microwave in the junction along the y direction, we
assume that the localized spin becomes precessional motion by the applied magnetic field.
The localized spin on the surface of the TI can be described by
S(x, t) = [S cos (q · x− Ωt), Sy, S sin (q · x− Ωt)], (62)
where, S and Sy are a constant coefficient independent of space. We assume | S |≪| Sy |
and | S |∼ Sy. Here q = (qx, qy) is the momentum of the localized spin and is assumed to
be monochromatic. The direction and the magnitude of q depends on materials of the MI.
In the spin structure, nonlocal diffusive spin 〈S〉D is given by Eqs. (27) and (62) as
〈Sx〉D = Aq,ΩS cos [q · x− Ωt]−Bq,ΩS sin [q · x− Ωt],
〈Sz〉D = Bq,ΩS cos [q · x− Ωt] + Aq,ΩS sin [q · x− Ωt].
(63)
The component of 〈S〉D is different from that of S: 〈Sx〉D has cos [q · x− Ωt] components,
as well as sin [q · x− Ωt] components. Here, the coefficients A and B are obtained (see
Appendix A) as
Aq,Ω =
q2ℓ2
(Ωτ)2 + (q2ℓ2)2
, (64)
Bq,Ω =
Ωτ
(Ωτ)2 + (q2ℓ2)2
. (65)
The coefficients Aq,Ω andBq,Ω depend on qℓ and Ωτ , where parameters ℓ and τ are determined
by the TI, and q and Ω are chosen as characteristic values of the MI. Then, the diffusive
spin sD is given from Eqs. (39) as
sD = νeJsdτℓ
2[q2∂t〈S‖〉D − q(q · ∂t〈S‖〉D)]. (66)
Then, nonlocal diffusive spin torque T De is obtained by using 〈M ‖〉D = −(M‖/S‖)〈S‖〉D as
T
D
e = −
κℓ2
M‖
[
q2M × ∂t〈M ‖〉D − (M × q)(q · ∂t〈M ‖〉D)
]
. (67)
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The first term of Eq. (67) plays the role of an anisotropic damping torque, which is similar
to T Le . The direction of this torque is independent of the direction of q. On the other hand,
the second term of Eq. (67) is proportional to (M × q)(q · ∂t〈M ‖〉D), and its direction
depends on q.
Using Eqs. (62)-(67), we consider the magnetic permeability affected by T De .Then, the
LLG equation is given within the linear order of the magnetization as
∂tmx = ωHmz − hzωM + α∂tmz
∂tmz = hxωM − ωHmx − (α + κ)∂tmx + κq2yℓ2∂t〈M‖,x〉D.
The last term of the above equation is caused by T De . In order to discuss the permeability due
to T De , we consider when the momentum has the y-component (q = qy), whose direction
is parallel to the applied static magnetic field. That means that the spin structure we
consider is a longitudinal conical spin structure. From the above equation, using 〈M‖,x〉D =
Aq,Ωmx − Bq,Ωmz , we obtain the magnetic permeability as
(
mx
mz
)
=
(
χDxx χ
D
xz
χDzx χ
D
zz
)(
hx
hz
)
. (68)
Here the longitudinal and transverse magnetic permeability are given by
χDxx(q,Ω) =
(ωH + iαΩ)ωM
[ωH + iαΩ][ωH + i(α + κ˜q,Ω)Ω]− ζq,ΩΩ2 , (69)
χDzz(q,Ω) =
ωH + i(α + κ˜q,Ω)Ω
ωH + iαΩ
χDxx, (70)
χDxz(q,Ω) = −ζq,ΩχDzx. (71)
The obtained permeability is different from that in Eqs. (58)-(60). The difference is caused
by coefficients κ˜q,Ω and ζq,Ω:
κ˜q,Ω = κ(1− q2ℓ2Aq,Ω), (72)
ζq,Ω = 1 + κq
2ℓ2Bq,Ω. (73)
The κ˜q,Ω and ζq,Ω depend on qℓ and Ωτ . If q = 0, one can demonstrate κ˜q,Ω = κ and
ζq,Ω = 1, and the magnetic permeability in Eqs. (69)-(71) equal to that in Eqs. (58)-(60),
respectively. Figure 2(a) indicates the Ωτ dependence of κ˜/κ for several momentum qℓ. The
parameter κ˜/κ approaches to 0 from κ˜/κ = 1 with increasing Ωτ : In the case for κ˜/κ = 0,
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FIG. 2: (Color online) (a) The Ωτ dependence of κ˜/κ for several qℓ. (b) The qℓ dependence of the
ζ for several frequency (2πf = 1, 2, 5, 10 GHz) in the fixed relaxation time (τ = 0.087 ps).
T Le and T De are canceled out each other, and the spin torque Te vanishes. On the other
hand, κ˜/κ = 1 means that T De is zero and T Le is nozero. The relation κ˜/κ significantly
changed when (qℓ)2 ∼ Ωτ is satisfied. Figure 2(b) shows the qℓ dependence of ζ for several
angular frequency of the applied ac magnetic field Ω, where we take a realistic relaxation
time (τ = 0.087 ps 46). The magnitude of ζ changes around qℓ ∼ √Ωτ and approaches to
ζ = 1 with increasing qℓ.
Figure 3 (a) and (b) show the Ωτ dependence of the real and imaginary part of the
longitudinal magnetic permeability, Re[χDxx] and −Im[χDxx], respectively. In Figs. 3(a) and
(b), we choose realistic parameters of the TI: ℓ = 40nm, vF = 4.6× 105m/s46, τ = 0.087 ps,
ξ = 0.003, and v˜F/vF = 0.997. Besides, we choose material parameters of the ferromagnets
28:
α = 0.015, Jsd ∼ 6meV, S‖ ∼ 0.3, and Fermi wavenumber kF = 3.9 × 108m−1. Then,
κ = 0.008 is obtained. The frequency of the magnetization ωM/(2π) = fM = 0.28 GHz
in the MI. The magnitude of the frequency is evaluated by the material parameters of the
permalloy28.
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FIG. 3: (Color online) (a)-(b) The frequency dependence of the real part and imaginary part of the
longitudinal permeability, Re[χDxx] and −Im[χDxx], for a fixed Gilbert damping constant (α = 0.015),
the relaxation time [τ = 0.087ps], the anisotropic damping constant [κ = 0.008], and the frequency
[fH = 1.6 GHz and fM = 0.28 GHz] for several momentum qℓ.
We plot the Re[χDxx] and −Im[χDxx] functions as the frequency of the ac magnetic field for
several momentum of the localized spin, when we take the frequency of the static magnetic
field ωH/(2π) = fH = 1.6 GHz. The magnitude of Ωτ can be estimated as Ωτ ∼ ωHτ =
8.6 × 10−3. For qℓ < 0.03, the permeability Re[χDxx] and −Im[χDxx] are not dramatically
changed from that without diffusion, Re[χxx] and −Im[χxx], respectively. The reason is due
to the profile of κ˜/κ and ζ : Both κ˜/κ and ζ are about 1 within qℓ < 0.03 in Ωτ ∼ 8.6×10−3.
While qℓ is near qℓ = 0.03, χDxx changes: The magnitude of χ
D
xx increases from that of χxx.
Besides, the resonant frequency of χDxx increases from that of χxx [see qℓ = 0.03 in Figs. 3
(a)-(b)]. The change of the resonant frequency is also shown in Fig. 4 (a). We find that
when (qℓ)2 ∼ Ωτ is satisfied, κ˜/κ and ζ deviate from 1, as shown in Figs. 2(a)-(b). After
increasing qℓ from qℓ = 0.03, the shifted resonant frequency gets back again. The magnitude
of the permeability increases with increasing qℓ.
The half-width value is also changed by the magnitude of Im[χDxx] for several momentum
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FIG. 4: (Color online) The qℓ dependence of the resonant frequency (a) and the half-width value (b)
normalized by the angular frequency of the applied magnetic field for several frequencies (2πfH =1,
2, 5, and 10 GHz) in 2α+ κ = 0.038 and 2α = 0.030.
qℓ. This trade off between the half-width value and qℓ for several frequency (2πfH = 1,
2, 5, and 10 GHz ) is shown in Fig. 4(b). In the case for τ = 0.087 ps, the half-width
value ∆Ω significantly changed around the qℓ, which satisfies qℓ ∼ √Ωτ (e.g., qℓ = 0.03 in
ωH = 10 GHz). Figure 4(a) indicates qℓ dependence of the resonant frequency rate Ωr/ωH.
The Ωr/ωH changed from Ωr/ωH ∼ 1 into Ωr/ωH = 0.998 around the qℓ, which satisfies
qℓ ∼ √Ωτ .
We discuss the role of diffusive spin torque T De from Figs. 4(a) and (b). Figure 4(a)
shows that the resonant angular frequency Ωr tends to decrease with increasing qℓ. The
decrease of Ωr can be caused by the increase of ζq,Ω, and the change of ζq,Ω is caused by T
D
e .
Therefore, we expect that T De plays a role as a field-like torque to shift the resonant fre-
quency. Then, Fig.4 (b) indicates that the half-width value tends to decrease with increasing
κ˜q,Ω in Eq. (73), which is caused by T
D
e . It means that the damping of the magnetization
dynamics is reduced by T De on the disordered surface of the doped TI. Thus, T
D
e behaves
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TABLE I: A brief summary of the role of the spin torques and the half-width value in several
spin structures on the surface of the TI, when the direction of H0 and the propagation of Hac are
parallel to y-axis.
Uniform Transverse conical (qy = 0) Longitudinal conical (qy 6= 0)
T Le Damping torque Damping torque Damping torque
T De – – Damping torque and field-like torque
∆Ω/Ωr 2α+ κ 2α+ κ 2α+ κ˜
both the damping torque and the field-like torque. The role of the spin torque in several
spin structures are summarized in the Table I. From the table I, we can expect to distinguish
the half-width value contributed from T Le and T De by tuning of the magnitude of the applied
magnetic field H0. The reason is why the longitudinal spin structure changes an spatial
uniform ferromagnetic structure if when we apply a strong magnetic field, which broke the
longitudinal spin structure. Then, qℓ of the spatial uniform spin structure can be regarded
as qℓ = 0. Therefore, we expect that if when we apply the strong applied magnetic field
in the longitudinal spin structure, the half-width value with a finite qℓ changes into the
half-width value with qℓ = 0 as ∆Ω/Ωr = 2α + κ˜→ 2α+ κ [see Fig.4 (b)].
For magnetization dynamics due to the magnetic resonance, we need to apply magnetic
fields in the MI/TI junction. Then, the spin-charge generation and transport are triggered
not only by the magnetization dynamics, but also by the applied magnetic field. We will
estimate when the contribution due to the magnetic field can be relevant. The contribution
from the applied magnetic field can be described by the Zeeman effect, HZ = −2~γ
∫
dxB ·s,
where B is the applied magnetic field and couples with conduction electrons spin on the
surface of the TI. The contribution from B can be treated within the same formalism in
sections 3 and 4 by replacing S → S + 2(~γ/Jsd)B in Eq. (3). As a result, the spin-charge
generation and transport due to HZ and Hsd are obtained by replacing S → S+2(~γ/Jsd)B
in Eqs. (26), (31), (38)-(39), and (42)-(43). We expect that the contribution fromHZ can be
ignored compared with that from Hsd, when the energy scale of the Zeeman effect is smaller
than that of the exchange energy on the surface of the TI as 2~γ|B|/(Jsd|S|) ≪ 1. The
|B|/Jsd value can be estimated by |B|/Jsd ≪ 1/(2~γ) ∼ 4×104 T·eV−1 in S ∼ 1. Then, the
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magnitude of the exchange coupling Jsd can be estimated. Using realistic parameters, the
mean-free path ℓ = 40nm, Fermi velocity vF = 4.6× 105m/s46, we obtain the ~/τ ∼ 15meV
and Jsd ≪ 15 meV, which is requested for the perturbation condition Jsdτ/~≪ 1. Then, if
|B| ≫ 10T is satisfied, we need to consider the contribution from HZ.
At the end of this section, we estimate the spin density due to the dynamics of the
longitudinal spin structure S = S‖(sin θ cos Ωt, 1, sin θ sinΩt) in the case of θ ≪ 1 around
resonance angular frequency Ω ∼ 1 × 1010s−1. The magnitude of the spin depends on the
regime of q2ℓ2 ≪ Ωτ or q2ℓ2 ≫ Ωτ . In q2ℓ2 ≪ Ωτ regime, the magnitude of the nonlocal spin
can be negligible small compared with that of the local term, and the spin is estimated by
|s| ∼ 1.6×10−10A˚−2 at θ ∼ 0.1 rad in the FMR. Then, we find that the magnitude of the spin
due to the spin-pumping is smaller than that of the spin due to the applied electric field47.
On the other hand, in q2ℓ2 ≫ Ωτ regime, the local and nonlocal spin vanishes each other
even in the presence of FMR. From the results, we expect that the change of the magnitude
of the spin dependent on q2ℓ2/Ωτ can be measurable for several applied magnetic fields,
because the inhomogenous spin structure (qℓ 6= 0) changes into an uniform spin structure
(qℓ ∼ 0) by using an applied strong magnetic field.
D. Spin current and charge current
We will discuss the spin current on the surface of the disordered MI/TI junction compared
with that in the FM/NM junction. The spin current due to the spin-pumping jαi,FM/NM in
the FM/NM junction is triggered by the magnetization dynamics as1,2,5
jαi,FM/NM = b∇i∂tSα +O(S2), (74)
where b is a coefficient dependent on materials. It is similar to the spin current in Eq. (74),
that the spin current is proportional to a time-dependent magnetization and the spin current
vanishes when the magnetization is spatially uniform. The direction of the spin (α) and the
flow (i) of the spin current in Eq. (74) are not related each other. On the other hand, spin
current on the surface of the TI, whose direction of spin and flow are perfectly perpendicular
to each other. The difference lies on the spin-orbit interaction. The jαi in Eq. (31) includes
the contribution of the spin-orbit interaction, which is absent in Eq. (74) does not.
Charge current due to the spin-pumping in the FM/NM junction is also given by the
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magnetization dynamics and Rashba type spin-orbit interactions. When the magnetization
is spatially uniform, the charge current jFM/NM becomes
2,5
jFM/NM = α× (S × ∂tS), (75)
where α is a constant vector including the contribution from the spin-orbit interaction. The
charge current in Eq. (75) is proportional to the second-order of the localized spin S. That is
different from the charge current on the surface of TIs. The charge current on the surface of
the TI is proportional to the localized spin ∂tS
‖, as shown in Eq. (43). The difference is due
to the property of the localized spin: the localized spin plays the role of the effective vector
potential on the surface of the TI. We note that the frequency dependence of these charge
current is also different; jTI ∝ ∂tS‖ oscillates with time of the localized spin in the FMR,
but jFM/NM ∝ S×∂tS does not. For example, the ac current jTI ∝ (cosΩt, sinΩt, 0) is given
when we apply the magnetic field parallel to the z direction on the TI/MI junction. On
the other hand, the dc current jFM/NM ∝ Ω(0, 0, 1) is obtained when we apply the magnetic
field parallel to the z direction in the NM/FM junction.
VI. SUMMARY
We have studied the spin-charge generation and transport due to the magnetization dy-
namics on the disordered surface of the doped TI/MI junction. The spin current jαs,i is
proportional to the charge density ρe and the direction of its spin and its flow are perfectly
perpendicular to each other, because of the spin-momentum locking on the surface of the
TI. We have found that jαi and ρe are induced by the time- and spatial-dependent of nonlo-
cal magnetization dynamics, which is affected by nonmagnetic impurity scatterings on the
disordered surface of the doped TI. These results of jαi and ρe are shown in Eqs. (31) and
(26), respectively. jαi and ρe is induced except when the magnetization dynamics is spatially
uniform. We have also shown the induced spin s and charge current density j due to the
magnetization dynamics. Because of the spin-momentum locking, the spin s and charge
current density j are proportional to each other. The s and j are generated not only by
the local magnetization dynamics, but also by the nonlocal magnetization dynamics with
the diffusion on the disordered surface of the doped TI. These results of s and j are shown
in Eqs. (38)-(39) and (42)-(43), respectively. A brief summary of the local and nonlocal ρe,
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TABLE II: A brief summary of the charge, charge current, spin, and spin current density due to
the magnetization dynamics on the disordered surface of the TI. These terms are driven by the
effective electric field E .
charge density ρe current density ji spin density s
α spin current density jαi
Local term – z × ∂tS‖ ∂tS‖ –
Nonlocal term [∇× ∂t〈S‖〉D]z ∇[∇× ∂t〈S‖〉D]z (z ×∇)[∇× ∂t〈S‖〉D]z [∇× ∂t〈S‖〉D]z
Driving field ∇ · 〈E〉D E, ∇2〈E〉D z × E , (z ×∇)[∇ · 〈E〉D] ∇ · 〈E〉D
jαi , s, and j due to the magnetization dynamics are represented in Table. II. As a result,
we have discussed the modification of the magnetization dynamics before and after these
spin-charge generation and transport on the disordered surface of the doped TI. These spin-
charge generation and transport can be detected from the half-width value of the magnetic
permeability in the magnetic resonance in the MI/TI junction, as discussed in section V.
The magnitude of a Gilbert damping constant α in ferromagnetic insulator is smaller than
that in ferromagnetic metals. Then, we can easily detect the change of the fH dependence
of the resonant frequency and half-width value, which are shown in Figs. 4 (a)-(b).
The preparation of the hybrid system with the ferromagnetic insulator deposited on the
surface of the TI, EuS/Bi2Se3, has been reported
50, where the magnetic moment of Eu
locates at the interface between the EuS and Bi2Se3. If the magnetization dynamics of
the magnetic moment of Eu is triggered by an applied magnetic field, the spin density
and charge current can be induced on the surface of the TI. Additionally, the magnetic
distribution of Eu has a magnetic domain, which is spatially dependent on the position on
the surface. Therefore, when we move the magnetic domain by using an applied magnetic
field, the charge density and the spin current are also triggered only around the magnetic
domain. Recently, magnetic insulator with noncoplanar spin structure has been reported.
For example, magnetoelectric insulator Cu2OSeO3 has spatially dependent spin structure,
and is called skyrmion, which is topologically protected magnetic spin vortex-like object51,52.
If one can prepare the vortex-like spin structure deposited on the surface of the TI and can
trigger the magnetization dynamics of the skyrmion, we expect that the charge and spin
28
currents are driven by the magnetization dynamics of the skyrmion. Moreover, the spatial
distributions of the charge density and the magnitude of the spin current depends on the
position of the skyrmion, because the spatial derivative of the localized spin depends on the
positions in the skyrmion. We comment that the induced spin and charge currents could be
independent of the polarity of the skyrmion, since these current are triggered by the in-plane
component of the localized spin [see Eqs. (31) and (42)-(43)]. Then, we expect that in the
MIs deposited on the surface of the TI, the magnetization dynamics induces not only the
local spin-charge generation and transport, but also the diffusive one. Our obtained results
will enable the applications of TI nanomembrane in spintronics devices.
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Appendix A: Derivation of Eqs. (65)-(66)
We show details of calculation of coefficient Aq,Ω and Bq,Ω of nonlocal localized spin 〈S〉D.
The 〈S〉D is given by
〈S〉D(x, t) ≡
∫∫
dt′dx′D(x− x′, t− t′)S(x′, t′) (A1)
To substitute S = S(1, 0,−i)ei(q·x−Ωt) ∝ ei(q·x−Ωt) into the above equation, we calculate
〈n〉D:
〈n〉D = 1
L2
∫∫
dt′dx′
∑
Q,ω
ei[ω(t−t
′)−Q·(x−x′)]ei(q·x
′−Ωt′)
Q2ℓ2 + iωτ
=
ei(q·x−ωt)
q2ℓ2 − iΩτ (A2)
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The resulting 〈Sx〉D is obtained from the real part of S〈n〉D in the above equation. In the
same way, 〈Sz〉D is obtained from the real part of −iS〈n〉D. Thus, from the above equation,
the coefficient of Aq,Ω and Bq,Ω are derived as Eqs. (65)-(66).
Appendix B: Charge conservation
To check the validity of the spin current and the charge current we calculate, we use the
charge conservation law ∂tρe +∇ · j = 0. The charge density ∂tρe is given by
∂tρe =
eνeJsdτ
L2
[∑
q,Ω
ei[Ωt−q·x]
iℓΩ2
q2ℓ2 + iΩτ
(qyS
x
q,Ω − qxSyq,Ω)
]
, (B1)
where ℓ = v˜Fτ is the mean-free path. The resulting ∇ · j becomes
∇xjx = ev˜FνeJsdτ
L2
∑
q,Ω
ei[Ωt−q·x]Ω
[{
1− 1
2
q2ℓ2
q2ℓ2 + iΩτ
}
qxS
y
q,Ω +
1
2
ℓ2q2
ℓ2q2 + iΩτ
qyS
x
q,Ω
]
,
∇yjy = −ev˜FνeJsdτ
L2
∑
q,Ω
ei[Ωt−q·x]Ω
[{
1− 1
2
q2ℓ2
q2ℓ2 + iΩτ
}
qyS
x
q,Ω +
1
2
ℓ2q2
ℓ2q2 + iΩτ
qxS
y
q,Ω
]
,
and
∇xjx +∇yjy = ev˜FνeJsdτ
L2
∑
q,Ω
ei[Ωt−q·x]Ω
[{
1− q
2ℓ2
q2ℓ2 + iΩτ
}
(qxS
y
q,Ω − qySxq,Ω)
]
.
=
eνeJsdτ
L2
∑
q,Ω
ei[Ωt−q·x]
[
iΩ2v˜Fτ
q2ℓ2 + iΩτ
(qxS
y
q,Ω − qySxq,Ω)
]
= −∂tρe. (B2)
Therefore, the ρe and j satisfy ∂tρe +∇ · j = 0.
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